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Initial stresses originate in soft materials by the occurrence of misfits in the undeformed microstructure.
Since the reference configuration is not stress-free, the effects of initial stresses on the hyperelastic
behavior must be constitutively addressed. Notably, the free energy of an initially stressed material
may not possess the same symmetry group as the one of the same material deforming from a naturally
unstressed configuration. This work assumes that the hyperelastic strain energy density is characterized
only by the deformation gradient and the initial stress tensor, using an explicit functional dependence on
their independent invariants. In particular, we consider a subclass of constitutive behaviors in which the
material constants do not depend on the choice of the reference configuration. Within this theoretical
framework, a constitutive equation is derived for an initially stressed body that naturally behaves as an
incompressible Mooney-Rivlin material. The strain energy densities for initially stressed neo-Hookean
and Mooney materials are derived as special sub-cases. By assuming the existence of a virtual state that
is naturally stress-free, the resulting strain energy functions are proved to fulfill the required frame-
independence constraints for this special class of constitutive models. In the case of plane strain, great
simplifications arise in the expression of the constitutive relations. Finally, the resulting constitutive
relations prove useful guidelines for designing non-destructive methods for the quantification of the
underlying initial stresses in naturally isotropic materials.
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1. Introduction C=FTF, where F is the elastic deformation gradient from the stress-

free reference configuration to the current configuration [11]. For

By initial stress we mean any internal stress of a reference con-
figuration of an elastic material. For instance, initial stress can be
formed by applying surface tractions or body forces to the reference
configuration, but can also be present in their absence, in which
case we call it residual stress. Residual stresses can arise in solids
due to geometric incompatibility of the material’s microstructure
[1,2]. For instance, they can form after thermal expansion in inert
matter [3,4] or growth and remodeling in living materials [5-7].

The presence of initial stresses can be difficult to ignore, as they
can greatly affect the elastic response [8,9]. For instance, they can
induce inhomogeneous and anisotropic responses [10] even when
the material is homogeneous and structurally isotropic.

The mechanical response of hyperelastic materials can be com-
pletely determined from their free energy density function W.
When there is no initial stress, W can be written solely in terms of
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isotropic materials, the strain energy can be written as a scalar-
value tensor function of the invariants of C [12]. Theoretically, the
unknown mechanical parameters in the expression of W can then
be determined by performing the same number of independent
mechanical tests as the number of independent invariants. How-
ever, itis useful to derive constitutive laws with minimal covariance
amongst the response terms in the Cauchy stress associated to
each invariant, since it can be shown [13] that such a covariance
correlates with the errorin determining W that is inherent in exper-
imental tests on real materials.

Even when the material’s reference configuration is initially
stressed, we can use a similar approach to describe W by simply
assuming there exists a virtual stress-free state By. We can then
define Win terms of C; = F£F2, where F; is the deformation gradi-
ent from By to the current configuration [14]. The challenge in this
approach is that this virtual state in not known a priori, thus it is
not clear how to choose F;.

Adirect way of accounting for initial stresses t is to assume that
the hyperelastic strain energy density depends on both the defor-
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Fig. 1. Virtual stress-free state By, initially stressed configuration B; with internal
stress T and spatial configuration B, with Cauchy stress a. The spherical neigh-
borhood Px ¢, with radius €, of the point X in B; deforms elastically into the
configuration wa ¢ around the point X,, through a smooth invertible deformation

ff;' The residual stress 7, in 7’,(,/_6 vanishes as € approaches zero. The tangent maps
from By to B; and B, are defined by the tensors F; and F, respectively, where
F1(X,) = 0f1.c/0X, and Fy(X,) = 0f2.¢/0X, for € tending to zero. F=0x/0X is the
deformation gradient of the isomorphism between B; and 5;.

mation gradient and the initial stress tensor, so that W:=W(C, 1)
[9,15]. A general theoretical framework for this approach has
recently been developed [16], which is independent of how the ini-
tial stress 7 is formed. Using a form W(C, ) can be simpler because
it is often easier to choose/postulate an initial stress T rather than
F.

The drawback of this approach is that it is generally not straight-
forward to choose a physically viable form for W(C, 7). A simplifying
assumption is to require that W only depends on C and t. Thus, W
has to satisfy a form of frame-independence [17,18], one example
being:

W(C, T) = W(I, o), forevery t,F, (1)

for incompressible materials. Accordingly, if the current stress o is
known, then 7 can be also expressed as [17]

el w1, o)
ac!

where pg is an unknown that appears when the material is incom-
pressible.

It is important to underline that Eq. (1) defines a specific class
of constitutive responses. More restrictive than in [9], the mechan-
ical parameters defining the functional dependence on the set of
invariants are assumed in this model as constants, i.e. independent
on the choice of the reference configuration.

To our knowledge there are three free energy density func-
tions that satisfy this constitutive assumption, as discussed in [18].
However, these strain energies do not take into account for the
invariants];l 3 or];l (defined by Eq. (23)), which can be essential
even in simple deformations [19]. In this work we aim at deducing
strain energy functions that include a functional dependence on all
the invariants, and satisfy the assumption of frame-independence
(1).

An explicit expression for the free energy function is derived
by assuming that there exists a stress-free state By, and that the
material behaves like a classical Mooney-Rivlin material after any
deformation of By, see Fig. 1. Specifically, let F, be the deformation
gradient from B, to the current configuration B,, we deduce W such
that W(C, ) = W(C;), where W(C,) has the classical functional
dependence of a Mooney-Rivlin material. Accordingly, W describes
an initially stressed Mooney-Rivlin material whose strain energy

T=2 FT— Pol,

function automatically fulfills the frame independence constraints
[17,18].

The article is organized as follows. In Section 2 we summa-
rize the main mathematical assumptions behind the definition of a
virtual stress-free state. In Section 3 we derive the strain energy
density and the constitutive relation for the Cauchy stress for
an initially stressed, incompressible, Mooney-Rivlin material as a
function of both Fand 7. In Section 4 we simplify the Mooney-Rivlin
model to initially stressed Neo-Hookean and Mooney materials. We
also present the Mooney-Rivlin model under planar initial stress
and elastic strain in Section 5. The results are discussed in Section
6 together with few concluding remarks.

2. The virtual stress-free state

A constitutive relation for residually stressed bodies is classi-
cally derived by assuming that there is a virtual unstressed state
whose properties can be measured through standard destruc-
tive experiments, such as material cutting [14]. The basic idea is
sketched in Fig. 1.

Let usintroduce a virtual stress free state By, an initially stressed
configuration B; and current configuration B,. The spherical neigh-
borhood Px ¢ with radius €, of the point X in By, deforms elastically,
after the removal of the tractions at its boundary from the surround-
ing body, into the configuration Plxu,e around the point X;,, assuming
the existence of a smooth invertible deformation ff,; The residual
stress Ty in P’XM vanishes as € approaches zero. The stressed con-
figurations B; and B, are characterized by the internal stress T and
Cauchy stress o, respectively. The infinitesimal deformations of the
material from By to B and B, are defined by the maps F; and F,
respectively, where F;(Xy) = df1,¢/0Xy and F(Xy) = 9f2.¢/0X, for
€ tending to zero. If the response of the material is in the elastic
regime, the Cauchy stress can be expressed in terms of the posi-
tion in the configuration B, and of the deformation gradient F,
from the virtual stress free state to the current configuration, which
can be written as a multiplicative decomposition F, =FF;. In this
decomposition, F; represents a fixed initial strain which gives the
change of metrics from By to B and determines the internal stress
7, whereas F represents the dynamical deformation. If the inter-
nal stress-strain equation which relates T and F; is invertible, the
Cauchy stress can be finally expressed in terms of F and 7 [10]. This
procedure is valid if the residual stress field and the structural prop-
erties of the material locally vary in a sufficiently smooth manner.
However, although this method is technically sound, it rarely leads
to analytic results for soft materials, due to the presence of consti-
tutive nonlinearities and the need to identify the natural state of
the material using destructive techniques.

3. Derivation of the strain energy function for an initially
stressed, incompressible Mooney-Rivlin material

In this section we derive the free energy density and the Cauchy
stress tensor for an incompressible solid made of a Mooney-Rivlin
material and subjected to initial stresses. In order to ensure the
frame-independence assumption, we consider elastic deforma-
tions between a virtual stress-free state By, a residually stressed
configuration By and the current stressed configuration B, (see
Fig. 1).

Before proceeding, we introduce some preliminary definitions
and results. The principal invariants of a tensor A are defined as

Iy = trA, I4 = % ((trAY® — trA?) | IlI4 = detA.
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The Cayley-Hamilton theorem states that every tensor satisfies its
own characteristic equation [20,21], i.e.

A3 — LA 4 II4A - 141 = 0. (2)

Taking By as the reference configuration, the free energy density
W in the current configuration can be written as a function of F, in
the following way:

W =c1(lg, = 3) + c2(llc, - 3), (3)

where c1, ¢, are two positive constants and C; = Fng is the right
Cauchy-Green tensor. Note that the expression (3) is invariant
under coordinate transformations. The Cauchy stress tensor has the
form [22]

DW(C,)

o =2F2D7C2

Fj — pl =2c1B; — 26;B, ' —pl, (4)
where B, is the left Cauchy-Green tensor B, =F2F§, p is the
Lagrange multiplier associated with the incompressibility con-
straint, p = p — 2cllc, (see [23] for a detailed discussion of its
physical meaning) and DW/DC, is the Frechét derivative of the
scalar field W(C;). At the same time, taking By as the reference
configuration and B; as the actual configuration, we have that

DW(Cy)
DC;

7 =2F; Fl — pol = 2¢1B; — 2¢,B7 " — pol, (5)
where pg is the Lagrange multiplier for the incompressibility con-
straint on the infinitesimal deformation F;, which is determined
by the boundary conditions in the configuration B¢, and pg = pg —
2¢qll¢, . Taking the multiplicative decomposition F, =FF; in (4), we
get

0 =2c;FBF" —2¢,F "B 'F! - plL. (6)

Considering now By as the reference configuration, we want to
express W and o as a function of only the initial stress t and of the
deformation gradient F. As described in the introduction, the final
expression will be generally valid independently on how the initial
stress t is formed. The Cauchy stress tensor in this case has the form
[22]

DW(C, T)

o =2F DC

F —pl, (7)
where comparing with (4), we have that W(C,) = W(C, 7). It is use-
ful to remark that Eq. (7) is a more general constitutive statement
than Eq. (4), since the variation of the strain energy is performed
on different tensor fields. Indeed, Eq. (4) explicitly considers a tan-
gent map defining a change of metrics induced by the initial strain
F, =F~'F,, whilst Eq. (7) refers to a variation performed on the
deformation gradient F at fixed initial stresses. In the following we
will omit for simplicity to write W with the hat sign, using the sym-
bol W for indicating a general free energy density function. As a first
step, let us express pg in (5) as a function of 7. Imposing directly
the incompressibility constraint detF; =1 to (5), we get that

det(z +pol) = det (2¢,B; —2¢,B; ") = —8c3det (l - %Bf)

1¢?

3
=83 (1- Sy 4+ LG (B2 — Bt - &
- 2 cy 1 2 C% 1 1 El

G

From repeated use of the Cayley-Hamilton theorem (2), we have
that
B} = Ig, Bf — Il By +1, 9)

B4 = I3 B — Ig, I, By + Ig, — Ilg, B} + By. (10)

Taking the trace of (10), using the identity trB? = 1521 —2lIg, and
substituting in (8), considering moreover that the first term on the
left hand side of (8) is the characteristic polynomial of t, we get
that

p3 +Ip3 +1zpo + Il + 8¢5 — 8¢ c§(1§1 —2llg,)
+8ccy(llf, — 2Ip,) — 8¢5 = 0. (11)

In order to express pg as a function of the linear invariants of
alone, we need to write I, and Ilg, in (11) as functions of I, Il; and
po-. This can be done by solving the following system of nonlinear
equations, which can be derived from (5) and (9),

I = —3po+ 2C1131 — 2C2”B1 s
Il; = 3p3+4czllp, +4c2lp, — 4pocils, (12)
+4p0C21131 —4cq Cz(IB] "81 -3).

From the first equation of (12) we get

I, = 21?1(1{4—3}704-262"3]), (13)
which, substituted in the second equation of (12), gives

LIIﬁ1 +M(Iz, po)llp, + N(Iz, IIz, po) =0, (14)
where

L =4cic3, M(Iy, po) = 2¢1¢2lr + 6c1Capg — 4¢3 — 4c3, (15)
N(, Iy, po) = —12c3c; — 2¢31y + 11l — 6¢3pg

+2c11:po + 3¢1p3.

The quadratic equation (14) admits two solutions II)"_.,F1 , given by

. —M(Iz, po) = \/M(Ir, po)? — 4LN(Iz, Il po)
HB](Ir’Hr»pO)z 3L

Itis easy to show that only one of the two solutions (16) is physically
correct. Indeed, since F; is arbitrary, we can choose F; =1, which
corresponds to T=0and I3, = 3. By choosing these specific values
for F; and t, we get from (5) that pg=2c7 — 2¢y, and from (16) we
get that M2 — 4LN is a perfect square,

. (16)

VM(Iz, po)? — 4LN(Iz, 17, po) = 43 — 3cac2 — 3c2cy + 3|

= 4(c1 + c2)l(c1 - c2)* = 2c1cal,

with
3 3 +c2 > 4ci0p,
I =< 3_ 2., 3 (17)
B 7 — 36y +c .
1 17212 otherwise,
(o8] C2
and
3 2 +c2 < 4ci0,,
IE = 3 _3¢c,c2 4¢3 (18)
B c 2¢% + ¢ )
1 17212 otherwise.
€16

Since ¢y and ¢, can take arbitrary positive values, and we expect that
IIg, is a continuous function of the invariants of T, with IIz, = 3 for
F; =1, we get that the physically viable solution is

—M(Ir, po) + s\/M(Iz, po)> — 4LN(I;., Il po)

"Bl = 2L ’ (19)
where
s =sign(2cicy — (¢q — 62)%), (20)
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with from Eq. (7) we get
1 if 0 D o
, x>0 o= 2FMFT—plzzw,,cls—zw,,,clr1
sign(x) =< 0 if x=0, DC
-1 if x<0. +2W,; FeF —2W, L FToF ! 4+ 2W,, Fe2F' (25)
2
From (13) we obtain —2W, FTg2F 1 -,
4

I 3 C:
g, (e, [z, po) = o + 220 — 2

26 Y 2¢, ~ 2¢,1 MUz, Po)

—sv/M(Ir. po)? — 4LN(Is. 117, po)) ,

—M(Iz. po) + sv/Mz. po)® — ALN(I;., Il po)
2L

(21)

I, (It, Iz, po) =

Finally, substituting (21) in (11), we obtain that po(Iz, II7, Ill;) is a
solution of the following equation:

p3 +Iepg + 1o + Il + 8¢3 — 8¢3
=38¢1¢2 [Ig, (It, Iz, po)* — 21lp, (I, Ilz, po)] (22)
—8¢2c¢; [lIp, (Ir, Il po)* — 21p, (Ir, Il po)] -

By studying the intersections of the cubic algebraic curve on the left
hand side of (22) with the transcendental curve on the right hand
side, we could show that there are at most three solutions of (22),
depending on the values of ¢y, ¢; and 7. In Section 5 we will find
the physical solution of (22) in the simplified case of a planar initial
strain.

Inorder to express Was a function of the initial stress T and of the
deformation gradient F, let us assume that the free energy density
is a smooth function of the following set of invariants of the strain
measure and the residual stress, which constitute an integrity basis
for isotropic scalar-valued functions:

Ic =trC, llc = % ((tre)* — trc?)

((trr)2 - tl"[2> , I, = dett, (23)

N =

I; =trT, lI; =

J1=tr(zC), J;1 = te(xC"), J5 = tr(z2C), J;! = te(z2C7Y).

Note that the set of invariants (23) is not the classical one intro-
duced in the literature (see, e.g., [24], [15], [17]. The standard set
of invariants for the isotropic case usually includes J, = tr(7C2) and
Ja=tr(t2C?)instead ofj;1 and];l. Using Cayley-Hamilton theorem
(2) with A=C, then multiplying both sides by either 7 or 72, we get

It = tr(r€?) — Icte(xC) + llctrr = J, — Ich +Ilicly,

= (7€) — Iete(22C) + Hetrt? = J4 — IcJs + Hc(1? - 2117).

(24)

In [25] an alternative representation for the free energy function
considering a set of spectral invariants defined in terms of the prin-
cipal variables of the right Cauchy-Green tensor is introduced. By
expressing the ten classical invariants in the compressible case
in terms of the spectral invariants and using implicit relations
between the spectral invariants, it has been shown that only nine
of the classical invariants are functionally independent (see Appen-
dices A and B in [25]), even if no explicit global relation of one of
them in terms of the others is currently available.

Noting that
DJ;' e DI 1201
ol =-C"'1tC T =-C 7€,

where the notation W, (.y means derivative of W with respect to the
argument (-). We now substitute in (25) Eq. (5) and the relation

72 = (p2 — 8c102)1 — 4poc1By +4poca B! + 4c2B? + 4c3B?,  (26)

expressing B% and Bl’2 by means of the Cayley-Hamilton theorem as
Bf = I, B; —Ilp, +B]' and B;?> = By —Ig, 1+ 1Ig, B}, where Ig, =
I, (Iz, Iz, po) and Ilg, = IIp, (Iz, llz, po) according to (21). We get

o= (zw,,c —2poWj, +2[p2 — 8c1cz — A2, + 2, )]W]3) B

_ (ZW,”C - 2poW]24 +2[p3 — 8cica — 4(c2lp, + 23, )]‘/VJ;]) B!
+ (4c1w,j1 — 8[poct — 2Ip, — cg]wh) FB.F

27
~ (4c2W.y, - 8lpocs + ¢ + c3llg, W, ) FB'F (27)

_ <4C1W,J 1 = 8[poct — ¢3lp, — 31V, 1) FTBF!
2 4
+ <4czw,],1 —8[pocz + 5 + c31Ip, IW 1 ) F'B'F' - Bl
2 4
By equating (27) with (6) we obtain the following 7 x 7 linear sys-

tem:

2W,j. — 2poW), + 2[p3 — 8cicy — 4(c2lp, + 31, )]W), =0,

sl
2Wo g — 2p0vv]2_1 +2[p2 — 8cycy — A(c3lg, + 31, )]W]Zl =0,
40 W,j, — 8[pocy — g, — 3 1W), = 2y,
4c,W,j, — 8[pocy + €3 + c2llg, JWj, =0,
4c;W, _1 — 8[pocy — c2Ig, — c2]W,_; =0,

W [Poc1 —cilp, — 5] i
4C2W,]_1 — 8[p0C2 —+ C% + C%HB1 ]ij_] = —2C2,

2 4

p=p.

(28)

Note that the lastidentity p = p does not give any information about
the functional form of W. For ease of notation, we introduce the
following definitions:

E = E(Iy, I+, po):=p — 8c1ca — 4(c3 g, + c3lp, ), (29)
G = G, Iz, po):=poc1 — Cilp, — 3, (30)
H = H(Iy, Ilz, po):=pocz + ¢3 + 31, , (31)
A:=ciH — ;G = ¢ + &3 +c1631lg, + ca¢3lp, > 0. (32)

The solution of (28) is

cipoH  cE PG cE

Waie = 54 aa > Woie =54 4N (33)
_ cH _ C2G G GG
W, = SA W,ng =5A° W, = N W,El =7A-
From (33) and (24) we finally get
_ [cabpoH c16E C2poG  16E
WED= |5A ~aa } ¢ { oA~ an e
ciH G c1C;
+21le + ;TUZ —Icjy +Ucle) + ﬁb (34)
+ 552 (Jy — IcJs + He (12 = 2112)) + f(Ir, Iz, 1Ly,

4A
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where f(I, I, Ill;) is a function of T which will be determined
later. (34) is the strain energy function for an initially streessed,
incompressible Mooney-Rivlin material. From (25) and (33) we get

cpoH c1GE poG  cGE| L4
F = - =" |B- — B
o(F.7) { A 2A } [ A 2A
(35)
aH 1 G 1, CCr onr CCpT on1 s
—FtF — —F F —=F1t°F — —=F F ' —pl
+—5 Fr X F S CFT SAF T Pl

It is now required the proof that, by using the functional form for
WI(F, ) expressed in (34), the last identity of (28) is verified. From
(5)and (6) we get that

pol = 2c1By — 20,B]! — 7, (36)
pl=2c;FBF" —20,F "B 'F ! — 0. (37)

Using now (34) in (25) and substituting (25) in (37), expressing
terms containing the factors poB and poB~! by means of (36), and
terms containing the factors EB and EB~! by means of (29) and (26),
we obtain after some algebra the following identity

2c2H 2poc?cy;  2c3cyl 2ci03
pl= (2c1 17, PoCia  2GQls  20G ) pg g

A A A A

2¢2G  2pocic?  2c3cy 2cic310
+<2c2 24 p°A1 2 iz 1A2 BL) F TR

2c1c;H  2pocics

A A A

>

2c3c, 231
192 <H1% B1)FB11FT

A A A A
H

GG oy (20 - 90 prep
A)FtFJr A N F " tF

GG GO0 26T, (C1€Q2 Q02 o T_2p-1, 5
+(— A)FTF+(A A)F T°F  +pl.
(38)

2pocicy 2c3clg. 2cic3
+<2€1CZG PociC2 | 2G2:  20% ) T, p!

After lengthy but standard manipulations, the terms in the brackets
in (38) can be shown to be all equal to zero, and hence we get that
pl=pl—p=p,

which is the last identity of (28).

We finally determine the form of f(I;, II;, Ill;) in (34). In order
to do so, we impose the Initial Stress Reference Independence con-
straint expressed by (1). Note that the conditions (33) specify only
the terms in (34) which depend on F and on combinations of F and
T, with f(I7, I, Ill;) left undetermined as a generic constant of inte-
gration which depends on 7 only. We are thus left with the freedom
to choose a form for f(I7, II, Ill; ) for which (1) is satisfied. Using (34)
in(1), we get

C1p0H c16E CpoG c16E c1H
{( 2A T 4A )IC+< 2A T 4A )"”Eh

G 4
toal2 T A

-3 C]I?\I:I _ C]CEE 4 cszC _ ClCEE 4 ﬁ I Cz? tro
2A 4A 2A 4A 2A 2A
+22t0(0%) | +f o 1o M),
2A

Cc1C c1C
12+ Gads! | Fe e )

(39)

where E,G,H, A are the corresponding factors to (29)-(32)
depending on p, I, I, and o is expressed in (35). By substitut-
ing (35) in (39), it is possible to show that the term in the square
brackets in the left hand side of (39) is equal to the term in the
square brackets in the right hand side. In [ 18] this fact is shownin a

more general framework; indeed, it is shown there that, if the ini-
tial stress comes from an elastic deformation from a virtual state,
the terms in the functional form of W(F, ) which depend on F and
on combinations of F and 7 always satisfy (1). Thus, we are left with
the following constraint

f(Ir’ I, le) =f(1tn 15, ”10),

which can be satisfied only if the function fis a constant, since it
can be shown starting from (35) that the principal invariants of
o depend on the set of invariants (I, Ilc, J1 ,]2*1,]3,];1 ), which is
functionally independent from the set of invariants (I, I, IIl;).

We finally choose the constant value of f(I, II;, Ill;) in such a
way that W=0 when 7=0 and F=1. From (11) we easily get that
po(t=0,F=I)=2c; — 2cy, which, substituted in (34), gives that W(I,
0)=3cq +3c; +£(0, 0, 0). Hence we choose

3
Sz, 1z, ) = f(0,0,0) = —3(cq +C2):_§M’s (40)
where u =2(cq +¢3) is the shear modulus of the material.

In the next sections we specialize the free energy (34) to the
cases of Neo-Hookean and Mooney material, and we consider the
simplified case in which the initial strain has only planar compo-
nents.

4. Initially stressed Neo-Hookean and Mooney materials

Let us consider some simpler specific cases ¢y >0, c; =0 (Neo-
Hookean), and c¢; =0, c; >0 (Mooney).
Taking c; >0and c; =01in (34), (11) and (12), we get

1
Wan(F, 7) = 2lc + 31 - 31, (41)
where pg is the real solution of the equation

Pa + I:pg + llpo + Il — 8¢3 =0, (42)

and Wyy is the strain energy function for an initially stressed,
incompressible Neo-Hookean material. Note that the expressions
(41) and (42) are the same as those derived in [17], (see formulas
(3.5) and (3.11) therein, where now p =2c¢q).

Taking c;=0and c; >01in (34), (11) and (12), we get

1
Win(F, 7) = ~211c — 2 (1 — Ich +l1cl) - 3¢, (43)
where pg is the real solution of the equation

P+ Itp3 + lzpo + Il + 8¢5 = 0, (44)

and W), is the strain energy function for an initially stressed, incom-
pressible Mooney material. Note that Wy,(I, 0)=0 and Wy(I, ) =
Callc, — 3¢z > 0. It is possible to show that the feasible solution
of (44) has the same form of the solution (3.6); in [17], with the
parameter u therein substituted by —2c;.

5. Initially stressed Mooney-Rivlin materials under plane
strain

Considering the case of planar initial strains is useful when
modeling tubular structures [17], implying that (B;);3 = (B1)y3 =
0 and (Bq)33 =1. From (5), we have that (7);3=(7)23=0 and
(T)33=2c1 — 2c3 — po. We use an overline to restrict a 3D tensor to
the (xq1, x2) plane. Eq. (5) becomes

T= 2C1]_31 — 2C2]-3;1 — poi, (45)
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which combined with the Cayley-Hamilton theorem (31)2—
I By +1=0, gives us

Iz +2pg 2_ 2
s = 3026, and trBf = I -2. (46)

Taking the determinant on either side of (45) and using (46), we
obtain

2 4 Lpo +1lT; — (2¢1 +265) +4cyc (M)Z—o (47)
Pp +1zPo 7 1 2 102 2¢; — 26, =Uu.

The two solutions poi of the quadratic equation (47) are

Ii- 1C17C2

+ _ —_—
Po = 2 2¢1+406 T, (48)
with
T =\/42(ct + )" + 12 - 4lll;, (49)

where pg = —I3/2 is the correct limit for c; — ¢3. In terms of the
eigenvalues of t,

2 =42(c; + 2 + (11 — 12)% > 0. (50)

We note that for c; = 0 the solutions (48 ) reduce to the Neo-Hookean
material in [17] (see formula (3.18) therein).

The only physically relevant solution is pg = pg. because when
substituting pg = p; in (46) leads to I,g,1 < 1, while pg = pg in (46)
leads to

r
by = s re ™ 2 (51)

From the above, (45) and B{l =-B; + IB1i we get

_ z r—r,

_ , 52

1= o) T A T o) (52)
-1 T F-‘rli-

B, =- 1. 53

! 2(Cl+C2)+4(Cl+C2) (33)

Finally, using these equations in the stress (6), and supposing for
simplicity that (F);3 =(F)23 =0, we get that

_ 1 ¢ - 1 ¢ --1

0= Bl-L)--——B (I'+I
2C]JFCZ( %) 2616 ( ) (54)
+—L R + 2 F iF -l
C1+C C1+C

and o33 =2c1 —2¢; — p. We can see that the above formula recov-
ers two well known limits: for c¢; >0 and c; =0 we recover the
Neo-Hookean case, whereas when c¢;=0 and ¢, >0 we recover
the Mooney case. Setting T=0 we get & = 2c;B — 2¢;(B)” ' — pl,
whereas setting F = I, together with (48), we get o =7 and py =p.

6. Discussion and conclusion

In this paper we derived the free-energy W and Cauchy stress
tensor ¢ for an initially stressed incompressible Mooney-Rivlin
material. Neglecting body forces, we assumed that the strain energy
function constitutively depends only on the combined invariants
of the deformation gradient F and the initial stress t. Accordingly,
the functional dependence is derived in Section 4 by imposing that
the resulting W describes a classical Mooney-Rivlin material from a
stress-free state, so that it automatically fulfills the assumed frame
independence (1), as discussed in [17,18]. In particular, W(F, t) is
given by (34) and o(F, T) by (35).

In Section 4 we specialized the free energy (34) to Neo-Hookean
and Mooney materials, reporting that in the Neo-Hookean case the
strain energy function has the same expression as the one derived
in[17].

In Section 5 we studied the simplified case in which the initial
stress has only planar components, finding an explicit analytical
solution of (22) and the corresponding form of the constitutive
equation for the Cauchy stress with respect to the initially stressed
configuration.

We note that the constitutive equation for the Cauchy stress
(35) is similar to the one derived in [14] for the case of a resid-
ually stressed Mooney-Rivlin material (see in particular Section
4 therein). The advantage of the present formulation is that the
derivation of the constitutive equations (34) and (35) is obtained
by starting from an expression of the free energy W in terms of
the combined invariants of the deformation gradient and the ini-
tial stress, whereas in [ 14] the constitutive equation for the Cauchy
stress only is derived by inverting the stress—strain relation of the
material in the virtual stress free state. Thus, our approach allows
us to obtain an explicit form of the strain energy density, whilst
the previous method only leads to implicit constitutive equations.
Notwithstanding, the case of a generic isotropic initially stressed
material requires further consideration, and it is left for future
endeavor.

One limitation of the proposed constitutive relation is that the
solutions of equation (22) need to be calculated numerically. Alter-
natively, we could also impose equation (22) as a new constraint
thus introducing a corresponding Lagrange multiplier without
explicitly solving it. The details of these considerations will be
treated in a forthcoming paper.

A final remark is to highlight the usefulness of explicit expres-
sions of W(C, t). Since W does not explicitly depend on the initial
deformation gradient from a stress-free state, there is no need to
identify the virtual stress-free configuration. Thus, the choice of
a functional form of W(C, ) can also provide useful guidelines
for designing non-destructive experiments to determine the initial
stress. This can be done, for example, by using elastic waves [26,27]
or through mechanical tests. Finally, the derived model has also
important advantages when implementing finite element codes
for solving nonlinear elastic boundary value problems. In morpho-
elasticity, for example, when the growth strain is very large there
is the need to use a very fine mesh in order to avoid the occur-
rence of locking. However, this can be avoided by specifying the
initial stress instead on a fixed mesh, which leads to more stable
numerical schemes [28].
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